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1. Introduction and known results
We finish here a classification of finite 2-groups with exactly three involutions (The-
orems 2.1, 2.2, 2.8, 2.16, and 2.18). A.D. Ustjuzaninov [9] has proved that if a 2-group
G has exactly three involutions and Z(G) is non-cyclic, then G has a normal metacyclic
subgroup M of index at most 4 and G/M is elementary abelian. M. Konvisser [7] goes one
step further and proves that if a 2-group G has exactly three involutions and Z(G) is cyclic,
then G has a metacyclic subgroup M of index at most 4 and “M is normal in G in most of
the cases”. But he is not very precise in which cases M is not normal in G and what is the
structure of G in these cases. Here we clear up this remaining very difficult situation and
determine completely the structure of G in terms of two generators and relations.
We use here the standard notation. In addition, if W is a normal subgroup in a group G,
then AG(W) will denote the automorphism group of W induced by G. All groups consid-
ered will be finite.
For the sake of completeness, we give here some known results which will be used often
in this paper.
Proposition 1.1. Let G be a p-group such that |G′| = p and d(G) = 2. Then G is minimal
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Z(G). 
Proposition 1.2 (N. Blackburn [1]). If G is a 2-group such that Ω2(G) is metacyclic, then
G is metacyclic, too.
Proposition 1.3 (Alperin, see Huppert [2, Satz III, 12.1]). Let A be a maximal normal
abelian subgroup of a p-group G such that exp(A) pn, pn > 2. Then Ωn(CG(A)) = A.
Proposition 1.4. Let G be a 2-group of order  24 satisfying |Ω2(G)|  23. If Z(G) is
non-cyclic, then G is abelian of type (2,2n), n 3.
Proof. Let W be a four-subgroup contained in Z(G) and let A/W be a subgroup of order
2 in G/W . Since exp(A) 4, we have Ω2(G) = A is abelian of order 8. If A is elementary
abelian, then G − A contains elements of order  4, a contradiction. Thus A is abelian of
type (4,2) with Ω1(A) = W . Since A = Ω2(G), A/W is the unique subgroup of order 2
in G/W and so G/W is either cyclic or generalized quaternion.
Suppose that G/W is generalized quaternion and let S/W ∼= Q8 be a quaternion sub-
group of G/W so that A/W = Φ(S/W) = (S/W)′. If S1/W and S2/W are two distinct
cyclic subgroups of order 4 in S/W , then S1 and S2 are distinct abelian maximal subgroups
of S and CS(A) = 〈S1, S2〉 = S which implies A = Z(S). Using Proposition 1.9, we get
25 = |S| = 2|S′||Z(S)| and so |S′| = 2. But S′ covers A/W which is not possible since
there are no involutions in A − W .
We have proved that G/W is cyclic. We have G = 〈W,a〉 for a suitable element a ∈ G
and 〈a〉 ∩ W = {1} since Ω1(A) = W . It follows that G is abelian of type (2,2n), n  3,
and we are done. 
Proposition 1.5 (Janko [4, Proposition 1.10]). Let G be a 2-group with a metacyclic normal
subgroup N . Suppose that N has a G-invariant four-subgroup N0 which is not contained
in Z(G) but there is no G-invariant cyclic subgroup of order 4 contained in N . If N is
abelian, then N is of type (2n,2n) or (2n+1,2n), where n 1. If N is non-abelian, then N
is minimal non-abelian and moreover
N = 〈a, b | a2m = b2n = 1, ab = a1+2m−1 〉,
where n 2 and m = n or m = n + 1.
Proposition 1.6 (Janko [5, Proposition 1.10]). Let τ be an involutory automorphism act-
ing on an abelian 2-group B so that CB(τ) = W0 is contained in Ω1(B). Then τ acts
invertingly on 1(B) and on B/W0.
Proposition 1.7 (Wilkens [10, Lemma 7]). Let X be a Q8-free 2-group with elements a
and b of order 4 such that [a, b2] = [a2, b] = 1. If [a, b] = 1, then 〈a, b〉 is minimal non-
4 2 2abelian non-metacyclic of order 2 and therefore [a, b] = a b and ab is an involution.
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C2 × Q8. Then G is a uniquely determined group of order 25.
Proposition 1.9 (Isaacs [3, Lemma 12.12]). Let G be a non-abelian p-group with an
abelian maximal subgroup. Then |G| = p|G′||Z(G)|.
Proposition 1.10 (A. Mann). Let A and B be two distinct maximal subgroups in a
p-group G. Then |G′ : (A′B ′)| p.
Proof. We have A′B ′  Φ(G)  A ∩ B . In that case A/A′B ′ and B/A′B ′ are distinct
abelian maximal subgroups of G/A′B ′ so (A/A′B ′) ∩ (B/A′B ′)  Z(G/A′B ′). Hence
|(G/A′B ′) : (Z(G/A′B ′))| p2 and therefore |G′/A′B ′| p (by Proposition 1.9). 
2. New results with proofs
Theorem 2.1. Let G be a metacyclic 2-group. Then
(i) G contains exactly one involution if and only if G is either cyclic or generalized
quaternion.
(ii) G contains more than three involutions if and only if G is either dihedral or semidi-
hedral.
(iii) All other metacyclic 2-groups contain exactly three involutions.
Proof. If G is cyclic or of maximal class, then the number of involutions in G is
≡ 1 (mod 4).
Suppose that G is metacyclic but neither cyclic nor of maximal class. Let {1} = Z =
〈b〉 = G be a cyclic normal subgroup of G, where G/Z is cyclic. Let H/Z be the subgroup
of order 2 in G/Z. Then all involutions in G lie in H and H is not cyclic (since G is not
cyclic). If H is abelian or isomorphic to M2n , n 4, then Ω1(H) ∼= E4 and G has exactly
three involutions. If H is of maximal class, then o(b) 4 and taking an element x ∈ H −Z,
we have bx = b−1 or bx = b−1+2n−1 , where o(b) = 2n, n 3. But such an automorphism
of order 2 induced with x on 〈b〉 is not a square in Aut(〈b〉) and so we have G = H is of
maximal class, a contradiction. 
Theorem 2.2. Let G be a non-metacyclic 2-group with exactly three involutions. If W is a
maximal normal abelian non-cyclic subgroup of exponent  4 in G, then W ∼= C4 ×C2 or
W ∼= C4 × C4, W = Ω2(CG(W)) and CG(W) is metacyclic.
Suppose that G has no normal subgroup isomorphic to C4 × C4. Then G has a nor-
mal subgroup W ∼= C4 × C2, C = CG(W) is abelian of type (2n,2), n  2, and G/C is
isomorphic to a proper (!) non-trivial subgroup of D8. If n > 2, then G/C ∼= C2 or E4. If
G/C ∼= C4, then n = 2 and G is the unique 2-group of order 25 with Ω2(G) ∼= C2 × Q8
(see Proposition 1.8):
〈 〉
G = g, v | g8 = v4 = 1, g4 = v2 = z, [v,g] = u, u2 = [u,v] = 1, [u,g] = z .
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group of G, G/W ∼= C4, Ω1(G) = Ω1(W) = 〈z,u〉 ∼= E4, Φ(G) = 〈g2, u〉 ∼= C4 × C2,
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Proof. Suppose G is a non-metacyclic 2-group with exactly three involutions. Let W be
a non-cyclic maximal abelian normal subgroup of exponent  4 in G. If W ∼= E4, then
CG(W) = W and so either G = W or G ∼= D8, a contradiction (since G is non-metacyclic).
Therefore we have either W ∼= C4 × C2 or W ∼= C4 × C4. By a result of Alperin (Proposi-
tion 1.3), W = Ω2(C), where C = CG(W) and a result of N. Blackburn (Proposition 1.2)
implies that C is metacyclic.
Suppose that W ∼= C4 × C2. Then Proposition 1.4 (noting that |Ω2(C)| = 8 and Z(C)
is non-cyclic) implies that C ∼= C2n × C2 with n  2. If n > 2, then W contains a cyclic
subgroup Z of order 4 which is characteristic in C and so Z is normal in G. Each y ∈ G
acts on Z and on W0 = Ω1(W) ∼= E4 and so (noting that Aut(Z) ∼= C2 and an S2-subgroup
of Aut(W0) ∼= C2) G/C ∼= C2 or G/C ∼= E4. We know that Aut(W) ∼= D8 and therefore if
G/C ∼= C4 or G/C ∼= D8, then C = W .
It remains to treat the cases G/W ∼= C4 or D8, where W = C = CG(W). We shall
show (as a surprise!) that G/W ∼= D8 actually cannot occur. We set W = 〈v,u | v4 = u2 =
[v,u] = 1〉 and z = v2 so that 〈z〉 =1(W)Z(G). In any case, there is an element g ∈ G
inducing on W the following automorphism of order 4:
vg = vu, ug = uz (vg−1 = vuz), (1)
which implies
vg
2 = (vu)g = (vu)(uz) = vz = v−1 and ug2 = (uz)g = (uz)z = u = u−1,
so that g2 inverts each element of W , g4 ∈ W , and CW(g) = 〈z〉. Hence
g4 = z, (2)
since Ω1(G) = Ω1(W) = W0 = 〈z,u〉.
We compute for each w ∈ W :
(
g2w
)2 = g2wg2w = g4wg2w = zw−1w = z,
and so all elements in g2W are of order 4 and therefore all elements in 〈W,g〉 − 〈W,g2〉
are of order 8. We get
Ω2
(〈W,g〉) = 〈W,g2〉 = 〈u〉 × 〈v,g2〉 ∼= C2 × Q8
and so 〈W,g〉 is the unique group of order 25 with Ω2(〈W,g〉) ∼= C2 × Q8 according to
Proposition 1.8. If 〈W,g〉 = G, we are done.
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such that h induces on W the following involutory automorphism:
uh = uz, vh = v, (3)
and so CW(h) = 〈v〉 which together with h2 ∈ W forces h2 ∈ 〈v〉. We also have G =
〈W,g,h〉. If h2 ∈ 〈z〉, then 〈W0, h〉 ∼= D8 and there exist involutions in 〈W0, h〉 − W0,
a contradiction. Thus, replacing v with v−1 (if necessary, and noting that (1) remains valid),
we may assume from the start:
h2 = v. (4)
From (3) follows hu = hz = hh4 = h1+4 and so 〈W,h〉 ∼= M24 is a metacyclic non-normal
subgroup of index 4 in G with Ω1(〈W,h〉) = 〈u, z〉 and Ω2(〈W,h〉) = W .
If Ω2(G) = Ω2(〈W,g〉) = 〈W,g2〉 ∼= C2 × Q8, then by Proposition 1.8 (and the fact
that G > Ω2(G)) we get |G| = 25, contrary to our assumption that 〈W,g〉 = G. It follows
that G− 〈W,g〉 must contain elements of order 4 and they must lie in the involutory coset
(hg)W of the group G/W ∼= D8. We have
uhg = (uz)g = (uz)z = u, vhg = vg = vu,
and so CW(hg) = W0 which implies:
(hg)2 = w0 ∈ W0 and w0 = 1. (5)
From (5) follows
hghg = w0, h2ghg = w0, vgh = w0g−1,
and so we obtain:
gh = (v−1w0
)
g−1. (6)
For each uivj ∈ W we compute
(
(hg)uivj
)2 = (hg)2(uivj )hguivj = w0ui(vu)juivj = w0(uz)j = 1,
which implies that (hg)2 = w0 = uz. Thus, (hg)2 = u or z. However, if (hg)2 = u, then
(by the above) (h(gv))2 = ((hg)v)2 = u(uz) = z and so replacing g with gv (if necessary),
we may assume from the start:
(hg)2 = w0 = z and gh = vg−1. (7)Here we note that replacing g with gv, the previous relations (1) and (2) remain unaltered.
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and Φ(L) = L′ so that L is a special 2-group. From (1) and (3) follows [v,hg] = u and
[v,g2] = z. We compute using (1), (2), (4), and (7):
(
g2
)h = (vg−1)2 = vvgg−2 = v(vu)g2z = v2ug2z = g2u
(since g2 centralizes W0 = 〈u, z〉) and so [g2, h] = u. This implies that
[
g2, hg
] = [g2, g][g2, h]g = ug = uz.
We claim that S = 〈g2(hg), v(hg)〉 ∼= C4 × C4 is normal in G. This gives us our final
contradiction since we have assumed that G has no normal C4 × C4. Indeed,
[
g2(hg), v(hg)
] = [g2, v][g2, hg][hg, v] = z(uz)u = 1,
(
g2(hg)
)2 = g4(hg)2[hg,g2] = uz, (v(hg))2 = v2(hg)2[hg, v] = u,
and so S ∼= C4 × C4 and S is normal in L (since S W0 = L′). Finally (using (1)),
(hg)h = hvg−1 = (hg)(g−1vg−1) = (hg)g−2(gvg−1) = (hg)g2zvg−1
= (hg)g2z(vuz) = (hg)g2vu,
so that (using the facts that (hg)g2 = g2(hg)uz and (hg)v = v(hg)u)
(
g2(hg)
)h = (g2u)(hg)g2vu = g4(hg)uzv = (hg)uv = v(hg) and (vg2)h = (vg2)u,
which shows that S is normal in G (since v(hg) · g2(hg) ≡ vg2 (mod W0)). 
In what follows G will denote a non-metacyclic 2-group containing exactly three in-
volutions and let W be a maximal normal abelian non-cyclic subgroup of exponent  4
in G and assume that W ∼= C4 × C4. By Theorem 2.2, Ω2(C) = W and C = CG(W) is
metacyclic. We set W0 = Ω1(W) = Ω1(G) and recall that AG(W) ∼= G/C denotes the
automorphism group of W induced by G.
Lemma 2.3. Let v be an element of order 4 in G−W . Then v centralizes W0 (and W/W0)
and v inverts some element of order 4 in W .
Proof. We have v2 = 1 is an involution in W0. If v does not centralize W0, then 〈W0, v〉 ∼=
D8 and G would have more than three involutions, a contradiction. Thus v centralizes W0
and consequently, v also centralizes W/W0. For each w ∈ W , (vw)2 = v2w2s = 1 with
s ∈ W0 (since v commutes with w mod W0). Note that if x ∈ vW , then each of the four
elements in xW0 have the same square x2 = 1 ∈ W0. Since |vW | = 16 and W0 has exactly
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Hence
x2 = (xw)2 = xwxw = x2wxw,
which gives wx = w−1. But then also wv = w−1, where w is some element of order 4 in
W (since x and v act the same way on the abelian group W ). 
Lemma 2.4. Suppose G contains an element g which induces an automorphism γ of order
2 on W and for each element w of order 4 in W , wγ = w. Then o(g) = 4.
Proof. Since o(γ ) = 2, g2 ∈ C. If o(g) > 4, we see that the group 〈g0〉 = 〈g〉∩W is cyclic
of order 4, so gγ0 = g0, a contradiction. Thus o(g) = 4. 
Lemma 2.5. Suppose g ∈ G−C with g2 ∈ C and the automorphism γ induced by g on W
inverts no element of order 4 in W . Then 〈g,C〉 is metacyclic (and so g centralizes some
element of order 4 in W ).
Proof. Each element in gC induces the involutory automorphism γ on W . By Lemma 2.3,
no element in gC is of order 4. Thus Ω2(〈g,C〉) = W and so 〈g,C〉 is metacyclic. 
Lemma 2.6. The automorphism group Aut(W) of
W = 〈u,y | u4 = y4 = [u,y] = 1〉 ∼= C4 × C4
is of order 25 · 3. The subgroup A of Aut(W) of all automorphisms normalizing the sub-
group Y = 〈u2, y〉 ∼= C2 × C4 is of order 25 and so is a Sylow 2-subgroup of Aut(W). We
have A′ = Z(A) = Φ(A) ∼= E4 and so A is a special 2-group. Set W0 = Ω1(W) = 〈u2, y2〉.
Then the stabilizer A0 of the chain W > W0 > {1} is elementary abelian of order 24. The
subgroup A0 contains the “special” subset
S = {σ 2, ξ, ζ,µ, ν}
of five automorphisms defined by:
uσ = uy, yσ = y; uξ = u, yξ = yu2; uζ = uu2y2, yζ = yu2y2;
uµ = uu2y2, yµ = yu2; uν = uy2, yν = yu2y2.
Each τ ∈ S has the property that τ does not invert any element of order 4 in W . If X
is any maximal subgroup of A0, then X ∩ S is non-empty. In addition, the “superspecial”
automorphisms µ and ν have also the property that they do not centralize any element of
order 4 in W .Finally, A is Q8-free but is not D8-free.
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Lemma 2.7. No element of G can induce either of the “superspecial” automorphisms µ
or ν on W = 〈u,y〉 (from Lemma 2.6).
Proof. Suppose g ∈ G induces µ or ν on W . Then g2 ∈ C and g neither inverts nor central-
izes any element of order 4 in W . By Lemma 2.3, o(g) > 4 and by Lemma 2.4, o(g) = 4,
a contradiction. 
Theorem 2.8. Let G be a 2-group containing exactly three involutions and a normal sub-
group W ∼= C4 × C4. If Ω1(W)  Z(G), then G contains a normal metacyclic subgroup
M of index at most 4, and G/M is elementary abelian.
Proof. Since Ω1(W) = W0  Z(G), G/C stabilizes W > W0 > {1} and so G/C is ele-
mentary abelian of order  24. By Lemma 2.7, |G/C|  23. Suppose that |G/C| = 23.
Then Lemma 2.6 implies that there is g ∈ G−C inducing a “special” automorphism on W
(which does not invert any element of order 4 in W ). By Lemma 2.5, M = 〈g,C〉 is meta-
cyclic with |G : M| = 4 and M is normal in G. 
In what follows we assume in addition that W0 = Ω1(W) Z(G).
Lemma 2.9. If Ω1(W)  Z(G), then with the appropriate choice of generators u and y
of W , one of the following four automorphisms is contained in AG(W) ∼= G/C:
λ(i, j) : u → uy, y → u2iyj , where i = 0,1 and j = 1,−1.
These automorphisms lie in four distinct conjugate classes in A (see Lemma 2.6), where
each one is of length 4. We have
Z(A) = Φ(A) = A′ = 〈λ2(0,1), λ2(1,1)〉 = 〈λ2(0,1), λ2(1,−1)〉,
no two of the elements of order 4 in {λ(0,1), λ(1,1), λ(1,−1)} are permutable and
λ(0,−1) is of order 2.
Proof. Let λ be an element of AG(W) which does not centralize Ω1(W). Then λ acts non-
trivially on W/Ω1(W). So we can find an element u in W such that uλ ≡ u (mod Ω1(W)).
Set y = u−1uλ so that uλ = uy, W = 〈u〉 × 〈y〉 and yλ = u2iyj , i = 0,1, j = 1,−1.
For each λ ∈ A − A0, CA(λ) = 〈λ〉A′ (since A′ = Z(A) is of order 4) and so the con-
jugacy class of λ has exactly four elements lying in {λA′}. In particular, λ(0,1) (order 4),
λ(1,1) (order 4), λ(1,−1) (order 4), and λ(0,−1) (order 2) lie in four distinct conju-
gacy classes in A. Also, λ2(0,1), λ2(1,1), and λ2(1,−1) are three distinct involutions
in A′. Since C4 × C4 is not a subgroup of A (because |Z(A)| = 4), no two elements in
{λ(0,1), λ(1,1), λ(1,−1)} are permutable. 
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Proof. If g ∈ G induces the automorphism λ(1,1) (of order 4) on W given by ug = uy,
yg = u2y, then g4 ∈ C = CG(W) and CW(g) = 〈y2〉. Hence g4 = y2 (since g2 cannot be
an involution). But then
(
g2u
)2 = g4ug2u = y2u−1y2u = 1,
which is a contradiction since G has only three involutions. 
Lemma 2.11. If λ(0,−1) ∈ AG(W), then CG(W) > W (and if g ∈ G induces λ(0,−1)
on W , then g2 ∈ CG(W) − W and 〈g2〉 > 〈u2y〉).
Proof. Let g ∈ G induce λ(0,−1) on W so that ug = uy, yg = y−1. Then g2 ∈ C =
CG(W) (since λ(0,−1) is an involutory automorphism) and CW(g) = 〈u2y〉. If g2 =
(u2y)i , then
(
gu−i
)2 = gu−igu−i = g2(u−i)gu−i = (u2y)i (uy)−iu−i = 1,
a contradiction. So g2 /∈ W and therefore 〈g2〉 > 〈u2y〉 and C >W . 
Lemma 2.12. Setting C = CG(W), we have either |Ω3(C)|  25 in which case C ∼=
C4 × C2n , n  2, or |Ω3(C)| = 26 in which case C/W is metacyclic with exactly three
involutions.
Proof. We have W = Ω2(C) and C is metacyclic so that C/W is also metacyclic. Suppose
that C/W is of maximal class. Let D/W be a cyclic maximal subgroup of C/W . Then D
is an abelian maximal subgroup of C. Set R/W = (C/W)′ so that R > W , |D/R| = 2,
and C/R ∼= E4. Now, C′ covers R/W and C′ is cyclic (since C is metacyclic) and so
C′ ∩ W ∼= C4. This implies |R : C′| = 4 and so |C : C′| = 24. Using the well-known re-
lation (Proposition 1.9) |C| = 2|Z(C)||C′| (noting that C is non-abelian but possesses an
abelian maximal subgroup) we get |Z(C)| = 23. This is a contradiction since W  Z(C)
and |W | = 24.
We have proved that C/W is not of maximal class. If C/W is cyclic, then C is abelian
of type (22,2n), n 2, and 24  |Ω3(C)| 25. If C/W is non-cyclic, then C/W is meta-
cyclic with exactly three involutions (Theorem 2.1) and so Ω1(C/W) ∼= E4 which implies
|Ω3(C)| = 26. 
Lemma 2.13. If |Ω3(C)| = 26, then |AG(W)| 8.
Proof. Set C = CG(W), W0 = Ω1(W), and D = Ω3(C). If X is any subgroup of D such
that W <X <D, then X ∼= C8 ×C4 is abelian. But D/W ∼= E4 and D is metacyclic and so
Φ(D) = W . It follows that D is either abelian or minimal non-abelian. Since exp(D) = 8,
we have
〈 〉
D = a, d | a8 = d8 = 1, ad = a1+4
, 
 = 0,1 ,
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Suppose that |G/C| > 8. We identify G/C with a subgroup S of the group A of all
25 automorphisms of W = 〈u,y〉 keeping 〈y,u2〉 fixed (see Lemmas 2.6 and 2.9). In par-
ticular, S contains the involutory automorphism β = λ2(1,1) (since S  Φ(A)), where
uβ = u−1y2, yβ = y−1 and we note that β centralizes W0 (and W/W0) and wβ = w for
each w ∈ W − W0. Let g ∈ G induce the automorphism β on W . Then g2 ∈ C and since
g fixes no element in W − W0, we have g2 ∈ W0 implying that g2 centralizes C. It fol-
lows that g induces an involutory automorphism on D = Ω3(C) = 〈a, d〉. We claim that g
fixes each of the three maximal subgroups S1 = 〈a,W 〉, S2 = 〈d,W 〉, S3 = 〈ad,W 〉 of D
each of which is abelian of type (8,4). If, for example, Sg1 = S2, then (1(S1))g =1(S2)
and so (〈a2,W0〉)g = 〈d2,W0〉 which contradicts the fact that β centralizes W/W0. Hence
g induces an involutory automorphism on each of three abelian subgroups S1, S2, S3 and
CSi (g) = W0 for each i = 1,2,3. By Proposition 1.6, g acts invertingly on each of three
subgroups 1(S1), 1(S2), and 1(S3) (which are three maximal subgroups of W ) and so
g acts invertingly on W , contrary to the fact that uβ = u−1y2 = u−1. 
Lemma 2.14. Suppose there is an element s ∈ G which induces the automorphism γ =
λ2(0,1) on W and |Ω3(C)| = 25. Then C = CG(W) = 〈s2〉 × 〈u〉 ∼= C2n × C4, where
n 3 and the element u ∈ W is as in Lemma 2.9. If S = 〈s,C〉, then 2(S) = 〈s4〉 and S
is minimal non-abelian metacyclic.
Proof. Set again W0 = Ω1(W), where W = 〈u,y〉, uγ = uy2, yγ = y and note that γ is
“special” in the sense of Lemma 2.6. Also set S = 〈s,C〉 so that |S : C| = 2 since s2 ∈ C.
Each element in sC induces the “special” automorphism γ on W and since γ does not
invert any element in W − W0, Lemma 2.3 implies that there are no elements of order 4
in S − C. Hence Ω2(S) = W and a well-known result of N. Blackburn (Proposition 1.2)
shows that S is metacyclic.
We know from Lemma 2.12 that C is abelian of type (2n,22), n 3, so that Ω3(C) is
abelian of type (8,4) and C/W = 1 is cyclic.
Suppose there is x ∈ S − C with x2 ∈ W (in which case x2 ∈ W − W0). Set T =
〈Ω3(C), x〉, where |Ω3(C) : W | = 2, T/W ∼= E4, and all elements in T − W are of or-
der 8 (noting that Ω2(T ) = W ). Since T is metacyclic and T/W ∼= E4, we get Φ(T ) = W .
Also, x induces on W the involutory automorphism γ and so T is non-abelian. If |T ′| = 2,
then this fact together with d(T ) = 2 implies that T is minimal non-abelian which forces
W = Φ(T )  Z(T ), a contradiction. Hence |T ′| > 2. On the other hand, exp(T ) = 8,
|T | = 26, and T is metacyclic. Thus T possesses a cyclic normal subgroup Z of or-
der 8 such that T/Z ∼= C8. Since T ′ < Z, we get T ′ ∼= C4. But Aut(Z) ∼= E4 and so
|T : CT (Z)| = 2 and if t ∈ T − CT (Z), then t induces an involutory automorphism on
Z such that |T ′| = 4. It follows that t inverts T ′ W . But t induces on W the “special”
automorphism γ which does not invert any element of order 4 in W , a contradiction.
We have proved that for each x ∈ S − C, x2 ∈ C − W . In particular, Ω3(C)/W is the
unique subgroup of order 2 in S/W and so S/W is either cyclic or generalized quaternion.
Suppose that S/W is generalized quaternion. Set C0/W = (S/W)′ so that |S : C0| = 4,
S′  C0, S′ covers C0/W , S′ is cyclic (since S is metacyclic) and Ω2(S′)  W . Hence
S′ ∩ W ∼= C4 which implies |C0 : S′| = 4 and |S : S′| = 16. Noting that S has the abelian
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result |Z(S)| = 23. On the other hand, W0  Z(S) and if x ∈ S −C, then x2 ∈ Ω3(C)−W
and so o(x2) = 8. We get CS(x2) 〈C,x〉 = S and so x2 ∈ Z(S). Hence Z(S) 〈W0, x2〉
and so |Z(S)| 24, a contradiction.
We have proved that S/W is cyclic and so if s ∈ S − C, then 〈s〉 covers S/W and
〈s〉 ∩W ∼= C4. Since CW(s) = 〈W0, y〉, we have 〈s〉 ∩W = 〈y〉 or 〈s〉 ∩W = 〈yu2〉 and so
in any case C = 〈s2〉×〈u〉. Also, 〈s〉W0 is another abelian maximal subgroup of S (distinct
from C) and so by a well-known result of A. Mann (Proposition 1.10), |S′| = 2. It follows
that S (being metacyclic) is minimal non-abelian. For each siuj ∈ S, we compute
(
siuj
)4 = (s4)i(u4)j [uj , si]6 = (s4)i ,
which implies 2(S) = 〈s4〉 and we are done. 
Lemma 2.15. If |AG(W)|  24, then |AG(W)| = 24, W = CG(W) and AG(W) =
〈λ(0,1), λ(1,−1)〉 which is a non-metacyclic group of order 24 and minimal non-abelian.
Proof. The “superspecial” automorphisms µ and ν and λ(1,1) cannot be contained in
AG(W) (Lemmas 2.7 and 2.10) and so |AG(W)| = 24 and AG(W) is a maximal sub-
group in the automorphism group A (of order 25) of all automorphisms of W fixing
the subgroup 〈W0, y〉. This implies that µν and νλ(1,1) are contained in AG(W). We
check that λ−1(0,1) = νλ(1,1) and so 〈µν,λ(0,1)〉  AG(W), where we also see that
µν = λ2(1,−1) and Z(A) = Φ(A) = 〈λ2(0,1), λ2(1,−1)〉 (see Lemmas 2.6 and 2.9).
There are exactly three maximal subgroups of A containing 〈µν,λ(0,1)〉 (which is
abelian of type (4,2) and contains Φ(A)) and they are candidates for AG(W):
〈
λ(0,1), λ(1,1)
〉
,
〈
λ(0,1), λ(0,−1), λ2(1,1)〉, 〈λ(0,1), λ(1,−1)〉.
Since λ(1,1) /∈ AG(W), it will suffice to show that
AG(W) =
〈
λ(0,1), λ(0,−1), λ2(1,1)〉.
Suppose that
AG(W) =
〈
λ(0,1), λ(0,−1), λ2(1,1)〉.
Then using Lemmas 2.11, 2.12, and 2.13, we see that |Ω3(C)| = 25 and C ∼= C2n × C4,
n  3. Let t ∈ G induce λ(0,1) on W so that ut = uy, yt = y and CW(t) = 〈y〉. Using
Lemma 2.14, we get 〈t〉 ∩ W ∼= C4 and
〈t〉 ∩ W = [t,W ] = 〈[t, u]〉 = 〈t2n 〉, for some n 3.
We have C = CG(W) = 〈t4〉 × 〈u〉 and setting T = 〈t,C〉 we get T ′ = [t,W ] = 〈y〉 
Z(T ) and so T is of class 2. Consider the elementρ = µν · λ(0,1)λ(0,−1) ∈ AG(W)
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λ−1(0,1) (which is verified by direct application of both sides on u and y) and so if r ∈ G
induces ρ on W , then t r ≡ t−1 (mod C) which gives t r = t−1+4iuj for some i, j ∈ Z.
Thus
(
t2
n)r = (t−1+4iuj )2n = t−2n ,
where we have used the fact that T is of class 2 and n 3. But this contradicts the above
result (t2n)r = t2n .
We have proved that AG(W) = 〈λ(0,1), λ(1,−1)〉. Hence AG(W) is generated by two
elements λ(0,1) and λ(1,−1) of order 4 and we have
[
λ2(0,1), λ(1,−1)] = [λ(0,1), λ2(1,−1)] = 1, [λ(0,1), λ(1,−1)] = 1,
and AG(W) is Q8-free (Lemmas 2.6 and 2.9). This implies that AG(W) is the uniquely
determined minimal non-abelian non-metacyclic group of order 24 (Proposition 1.7).
Suppose C > W so that C is abelian of type (2m,22),m  3 (Lemmas 2.12, 2.13,
and 2.14). Set S = 〈t2,C〉, where t ∈ G induces λ(0,1) on W . By the structure of
G/C ∼= AG(W), S is normal in G and by Lemma 2.14, 2(S) = 〈s4〉 (with s = t2) is
a cyclic characteristic subgroup of S of order at least 4. Hence W contains a cyclic sub-
group of order 4 which is normal in G. However, λ(1,−1) does not normalize any of the
six cyclic subgroups of order 4 in W . Hence C = W . 
Theorem 2.16. Let G be a 2-group containing exactly three involutions and a normal
subgroup W ∼= C4 × C4. Suppose that |G/CG(W)|  24. Then CG(W) = W , Ω1(W) 
Z(G), G/W is the (unique) minimal non-abelian non-metacyclic group of order 24, and
G is isomorphic to one of the following eight groups of order 28:
G = 〈g,h | g16 = 1, g4 = y, h4 = y2, (h2g)2 = uiy2ηg2, u4 = [u,y] = 1,
(gh)2 = u2
y2, ug = uy, yg = y, uh = uy, yh = u2y−1〉, (∗)
where i = ±1 and 
, η = 0,1.
Here we have 〈u,y〉 = W , Z(G) = 〈y2〉 ∼= C2, Φ(G) = 〈W,g2, h2〉, T = 〈W,g〉 is a
non-normal metacyclic (of class 2) subgroup with |G : T | = 4, S = 〈W,g2〉 is normal in G
and G/S ∼= D8.
Conversely, each of the eight groups of order 28 given with (∗) has exactly three invo-
lutions and satisfies the assumptions of our theorem.
Proof. Using Lemma 2.15, we have W = CG(W) and
G/W ∼= AG(W) =
〈
λ(0,1), λ(1,−1)〉
is the minimal non-abelian non-metacyclic group of order 24 so that
( ) ( ) 〈 〉Φ AG(W) = Z AG(W) = λ2(0,1), λ2(1,−1) ,
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(
AG(W)
)′ = 〈λ2(0,1) · λ2(1,−1)〉,
where
uλ(0,1) = uy, yλ(0,1) = y and uλ(1,−1) = uy, yλ(1,−1) = u2y−1.
Let g ∈ G be an element inducing λ(0,1) on W = 〈u,y〉 so that
ug = uy, yg = y, ug2 = uy2, yg2 = y, ug−1 = uy−1, yg−1 = y.
Since CW(g) = 〈y〉, we have g4 ∈ 〈y〉. Also, [W,g] = 〈y〉 and since g2 does not invert any
element in W − W0, g2W does not contain any element of order 4 (Lemma 2.3). Hence
Ω2(〈W,g〉) = W and so T = 〈W,g〉 is metacyclic, 〈g4〉 = 〈y〉, and o(g) = 16. We have
T ′ = 〈y〉 = 〈g4〉  Z(T ) and so T is of class 2, 〈g〉 is normal in T and |G : T | = 4. Set
S = 〈W,g2〉. By the structure of G/W , T is a non-normal metacyclic subgroup of index
4 in G and S is normal in G with G/S ∼= D8. If g4 = y−1, then we replace u,y with
u′ = u−1, y′ = y−1 so that (noting that T is of class 2):
[
u′, g
] = [u−1, g] = [u,g]−1 = y−1 = y′, g4 = y′, (u′)g = u′y′,
(
y′
)g = y−1 = y′, (u′)λ(1,−1) = u−1y−1 = u′y′, (y′)λ(1,−1) = u2y = (u′)2(y′)−1.
Thus, writing again u,y instead of u′, y′, we may assume from the start that [u,g] =
y = g4.
For each uiyj ∈ W , we compute:
(
g2uiyj
)2 = g4(ug2)i(yg2)j uiyj = yuiy2iyjuiyj = y1+2(i+j)u2i ,
which shows that o(g2uiyj ) = 8 and so indeed Ω1(〈W,g〉) = 〈u2, y2〉 = W0.
Let h ∈ G be an element such that h induces λ(1,−1) on W so that G = 〈W,g,h〉 and
uh = uy, yh = u2y−1, uh2 = u−1, yh2 = y−1,
uh
−1 = u−1y−1, yh−1 = u2y,
which implies CW(h) = 〈y2〉 and therefore h4 = y2. Since h2 inverts W , we have for each
w ∈ W :
(
h2w
)2 = h4(w)h2w = y2w−1w = y2
and so Ω1(〈W,h〉) = W0 = 〈y2, u2〉.
Since λ(0,1) · λ(1,−1) is an involution in AG(W), we have (gh)2 ∈ W and
( )
ugh = u−1, ygh = y u2y2 , (uy)gh = (uy)y2,
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order 4. For each uiyj ∈ W , we get
(
(gh)uiyj
)2 = (gh)2(ugh)i(ygh)j uiyj = w0u−iyju2j y2j uiyj = w0u2j ,
and so w0 = u2 which implies:
(gh)2 = u2
y2, 
 = 0,1. (1)
We have Ω1(G/W) = 〈gh,g2, h2〉W/W ∼= E8 and so we must show that there are no
involutions in (〈gh,g2, h2〉W) − W . We have already shown that there are no involutions
in g2W , h2W , and (gh)W . Since (G/W)′ = 〈g2h2〉W/W and
(gh)g ≡ ghg ≡ gh(g2h2) (mod W),
(
(gh)h2
)g ≡ ghgh2 ≡ gh(g2h2)h2 ≡ (gh)g2 (mod W),
it follows that we still have to require (and show) that there are no involutions in (gh)h2W
and g2h2W .
From (1) follows:
(hg)2 = hghg = g−1(ghgh)g = ((gh)2)g = (u2
y2)g = u2
y2
y2 = u2
y2(
+1),
and so we get:
(hg)2 = u2
y2(
+1). (2)
From (1) and (2) (since g commutes with y) follows:
(ghgh)(hghg) = u2
y2 · u2
y2(
+1) = y2
,
gh−1
(
h2gh2g
)
hg = y2
, h−1(h2g)2h = y2
g−2 = y2
g−4g2 = y2
−1g2,
and so
(
h2g
)2 = (y2
−1)h−1(g2)h−1 = u2y2
−1(g2)h−1 . (3)
Again from (1) and (2) follows:
(hghg)(ghgh) = y2
, hg(hg2h−1)(h2g)h = y2
,
and so multiplying the last relation with h from the left and with h−1 from the right we
get:
( )( ) −1( ) ( −1) ( )
h2g g2
h
h2g = hy2
h−1 = yh 2
 = u2y 2
 = y2
,
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(
g2
)h−1 = (h2g)−1y2
(h2g)−1 = (y2
)h2g(h2g)−2 = y−2
(h2g)−2,
which together with (3) gives:
(
h2g
)2 = u2y2
−1 · y−2
(h2g)−2,
and so we obtain finally,
(
h2g
)4 = u2y−1. (4)
Since W 〈h2, g〉/W is abelian of type (4,2), we get (h2g)2 = uiyjg2 for some i, j ∈ Z.
This gives together with (4):
(
h2g
)4 = u2y−1 = uiyjg2 · uiyjg2 = uiyjg4(uiyj )g2 = uiyjyuiy2iyj = u2iy2(i+j)+1,
which implies that i is odd and j = 2η is even and so we get the fundamental relation:
(
h2g
)2 = uiy2ηg2, i = ±1, η = 0,1. (5)
Since (h2g)2 ∈ 1(G), y2ηg2 ∈ 1(G), (5) gives that u ∈ 1(G). This fact together
with g4 = y shows that 1(G)W and so d(G) = 2 (since d(G/W) = 2).
From (5) follows at once:
h2gh2g = uiy2ηg2, h2(gh2g−1) = uiy2η,
which together with h4 = y2 gives:
(
h2
)g−1 = h2uiy2(η+1). (6)
From (6), we get directly the following two relations which we shall need:
(
h2
)g = h2u−iy−i−2(η+1), (7)
(
h2
)g−2 = h2u2iy−i = h2u2y−i . (8)
Using (1) and (7), we get (since h4 = y2)
(
(gh)h2
)2 = ghh2 · ghh2 = ghg(g−1h2g)h3 = ghg · h2u−iy−i−2η−2h3
= (ghg)uiyi+2η+2h5 = (ghgh)(h−1uiyi+2η+2y2h) = (gh)2uiyi(u2y−1)i+2η= u2
−iy2(η+1),
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(
(gh)h2urys
)2 = ((gh)h2)2(ugh3)r(ygh3)surys = u2
−i+2r+2sy2(η+1)+2s ,
which is an element of order 4 in W (since i = ±1)and so we have shown that there are no
involutions in (gh)h2W .
Using (8), we get (since g4 = y)
(
g2h2
)2 = g2h2g2h2 = (g2h2g−2)g4h2 = (h2)g−2yh2 = h2u2y−iyh2
= h4(h−2(u2y−i+1)h2) = y2u2yi−1 = u2yi+1,
and so for each urys ∈ W (r, s ∈ Z), we get
(
g2h2urys
)2 = (g2h2)2(ug2h2)r(yg2h2)surys = u2y2r+i+1,
which is an involution in W0 and so we have also shown that there are no involutions in
g2h2W . Our theorem is proved. 
Lemma 2.17. Let G be a 2-group with exactly three involutions and a normal subgroup
W ∼= C4 × C4 so that W0 = Ω1(W)  Z(G). Suppose that AG(W) ∼= G/CG(W) is of
order 8. Then G contains a metacyclic subgroup M of index at most 4 and M is normal in
G except in the case, where AG(W) = 〈λ(1,−1), λ(0,−1)〉 ∼= D8.
Proof. We consider X = AG(W) as a subgroup of the group A (of order 25) of all auto-
morphisms of W = 〈u,y〉 normalizing 〈W0, y〉 (see Lemmas 2.6 and 2.9). Let A0 be the
stabilizer of W > W0 > {1} so that A0 ∼= E24 and X  A0. Then we can choose a basis
{u,y} of W so that X contains one of the elements of order 4: λ(0,1), λ(1,1), λ(1,−1),
or the involution τ = λ(0,−1) (Lemma 2.9), where all these elements lie in A− A0.
Set C = CG(W). If λ(0,1) ∈ X and g ∈ G induces λ(0,1) on W , then |G : 〈C,g〉| = 2
and 〈C,g〉 is metacyclic since Ω2(〈C,g〉) = Ω2(〈C,g2〉) = W noting that g2 (inducing
λ2(0,1) on W ) does not invert any element in W − W0 and so there are no elements of
order 4 in g2C (Lemma 2.3). Hence we may assume that λ(0,1) /∈ X.
Since λ(1,1) /∈ X (Lemma 2.10), it follows that λ(1,−1) ∈ X or τ ∈ X. Note that for
each x ∈ A − A0, |CA(x)| = 8 and CA(x) = 〈x〉A′, where
A′ = Z(A) = Φ(A) = 〈λ2(0,1), λ2(1,1)〉 ∼= E4.
If X is abelian, we have λ2(0,1) ∈ X in any case. But in that case, if t ∈ G induces λ2(0,1)
on W , then |G : 〈C, t〉| = 4, 〈C, t〉 is normal in G, and 〈C, t〉 is metacyclic (by the previous
paragraph).
Suppose that X is non-abelian so that X ∼= D8 (since A is Q8-free). Since X∩A0 ∼= E4,
there are elements of order 4 in X − A0 and so we may assume that λ(1,−1) ∈ X. But
there are also involutions in X − A0 and so either τ ∈ X or τλ2(1,1) ∈ X. (We recall
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γ = λ(1,−1)τλ2(1,1) ∈ X. We check that
uγ = uu2y2, yγ = yu2 so that γ = µ
is “superspecial” (Lemma 2.6). According to Lemma 2,7, µ /∈ AG(W) and so this case
cannot occur. Hence X = 〈λ(1,−1), λ(0,−1)〉 ∼= D8, where the involution λ(0,−1) in-
verts the element λ(1,−1) of order 4.
Suppose that t ∈ G induces λ(0,−1) on W . By Lemma 2.3 (noting that t2 ∈ C),
there are no elements of order 4 in tC and since tC cannot contain involutions, we have
Ω2(〈C, t〉) = W and so 〈C, t〉 is a non-normal metacyclic subgroup of index 4 in G and
we are done. 
Theorem 2.18. Let G be a 2-group with exactly three involutions and a normal subgroup
W ∼= C4 ×C4 so that W0 = Ω1(W) Z(G). Set C = CG(W) and assume that |G/C| = 8.
Then G contains a metacyclic subgroup M of index at most 4 in G and M is normal
in G except in the following cases (α) and (β), where G/C ∼= D8, |C| = 22n+1, n  2,
C = 〈a, b | a2n+1 = b2n = 1, [a, b] = a2n
, 
 = 0,1〉 with 
 = 0 if n = 2, Z(G) is of or-
der 2, Φ(G) > C, and the structure of G is determined with two generators and relations:
(α) n = 2, |G| = 28, and
G = 〈g, t | g8 = t16 = 1, g4 = t8 = z, t2 = a, ag = au−1, u4 = [a,u] = 1,
ug = u−1a2, ut = u−1a2, (gt)2 = zui, i = 0,1,2,3〉
with Z(G) = 〈z〉 ∼= C2, C = 〈a〉 × 〈u〉 ∼= C8 × C4, W = 〈a2, u〉 ∼= C4 × C4, φ(G) =
〈g2〉C, where g2 inverts each element in C, and Ω1(G) = Ω1(W) = 〈z,u2〉 ∼= E4.
Finally, 〈C, t〉 is a non-normal metacyclic subgroup of index 4 in G.
(β) n > 2, |G| = 22n+4, and G = 〈g, t〉, where
g8 = t2n+2 = 1, g4 = t2n+1 = z, t2 = a, ag = ab, b2n = 1,
[a, b] = z
, 
 = 0,1.
(β1) If 
 = 0, then C = 〈a, b〉 is abelian of type (2n+1,2n) and
bg = b−1a−2, bt = b−1a−2,
(tg)2 = z(a2b)s with s ∈ Z (any integer).
(β2) If 
 = 1, then C = 〈a, b〉 is minimal non-abelian metacyclic,
bg = b−1a−2zηb2n−1 , η = 0,1,and either:
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and if s ≡ 1 (mod 4), then r = 1 and if s ≡ −1 (mod 4), then r = 0; or
(β22) (tg)2 = zr (a4b2)s with bt = b−1a−2zηb2n−1 , where in case that s is odd,
then r = 0 and in case that s is even, then r = 1.
In all these cases Z(G) = 〈z〉 ∼= C2, Φ(G) = 〈C,g2〉, W = 〈a2n−1, b2n−2〉 = Ω2(C) ∼=
C4 ×C4, 〈C, t〉 is a non-normal metacyclic subgroup of index 4 in G, and in all above
groups Ω1(G) = Ω1(W) = 〈z, b2n−1〉 ∼= E4.
Proof. We continue with the situation in Lemma 2.17, where
AG(W) =
〈
λ(1,−1), λ(0,−1)〉 ∼= D8,
and
uλ(1,−1) = uy, yλ(1,−1) = u2y−1, uλ(0,−1) = uy, yλ(0,−1) = y−1.
We recall that λ(1,−1) (of order 4) does not fix any of the six cyclic subgroups of order 4
in W and λ(0,−1) is an involution inverting λ(1,−1).
Let g be an element in G which induces λ(1,−1) (of order 4) on W so that ug = uy,
yg = u2y−1, and CW(g) = 〈y2〉. This implies that CC(g) = 〈y2〉, where C = CG(W) since
Ω2(C) = W = 〈u,y〉. There are no involutions in g2C and so g4 = y2 and we set y2 = z.
We have Z(G) C which together with CC(g) = 〈z〉 implies Z(G) = 〈z〉.
Let t be an element in G which induces the involution λ(0,−1) on W so that ut = uy,
yt = y−1. By Lemma 2.11, t2 ∈ C − W and therefore C >W .
Replace y with y′ = yu2. Then y′2 = y2 = z, y = y′u2, and so
ug = uy = uy′u2 = u−1y′, (y′)g = (yu2)g = u2y−1u2y2 = y = u2y′,
ut = uy = uy′u2 = u−1y′, (y′)t = (yu2)t = y−1u2y2 = u2y = u2y′u2 = y′.
Since g4 = y2 = z = (y′)2 and W = 〈u,y′〉, we may write again y instead of y′ so that we
get from the start the following fundamental relations:
ug = u−1y, yg = u2y, ut = u−1y, yt = y, g4 = y2 = z, (∗)
and so we see that CW(t) = 〈y〉 which implies 〈t2〉 > 〈y〉 since t2 ∈ C −W . Also note that
ug
2 = u−1, yg2 = y−1 and so g2 inverts each element in W .
Since g does not normalize any cyclic subgroup of order 4 in C, Proposition 1.5 im-
plies (together with the facts that W0 /∈ Z(G), C > W , and W  Z(C)) that we have the
following cases for the structure of C:
|C| = 25, C = 〈a, b | a8 = b4 = [a, b] = 1〉, (a)
〈 n n n−1 〉|C| = 22n, n 3, C = a, b | a2 = b2 = 1, [a, b] = a2 
, 
 = 0,1 , (b)
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, 
 = 0,1〉. (c)
Case (a). Since t2 ∈ C − W and 〈t2〉 > 〈y〉, we may set C = 〈a〉 × 〈u〉, where a2 = y and
t2 ∈ 〈a〉− 〈y〉. Replacing t with tai for a suitable i ∈ Z, we may assume from the start that
t2 = a and we know that ut = u−1y = u−1a2. Also, we know from (∗) that ug = u−1y,
yg = u2y, and g4 = y2 = a4 = z.
We have ugt = u, ygt = y(u2y2) so that CW(gt) = 〈W0, u〉, where W0 = 〈z,u2〉. Since
g2 induces an involutory automorphism on C and g2 inverts each element in W , we get
CC(g
2) = W0 and so g2 inverts C/W0 (Proposition 1.6) which gives ag2 = a−1w0 with
some w0 ∈ W0.
For each aiuj ∈ C, we compute
(
taiuj
)2 = taiuj taiuj = t2(aiuj )t aiuj = aaiu−j a2j aiuj = a1+2(i+j),
which is an element of order 8. Thus Ω2(〈C, t〉) = W and so 〈C, t〉 is a non-normal meta-
cyclic subgroup of index 4 in G.
We set ag = aiuj for some i, j ∈ Z, where i is odd since ag must be also an element of
order 8 in C. We have
yg = u2y = u2a2 = (a2)g = (ag)2 = a2iu2j = u2j yi,
which implies i ≡ 1 (mod 4), j ≡ 1 (mod 2). Since o(a) = 8 and o(u) = 4, we may set
i = 1 + 4
, j = 1 + 2η, where 
, η = 0,1.
By the above result ag2 = a−1w0 with w0 ∈ W0, we get (also using the expressions
for i, j ):
ag
2 = a−1w0 =
(
aiuj
)g = (aiuj )iu−j yj = ai2+2j uj (i−1) = a1+2j ,
which gives a2(j+1) = w0 and so w0 = a4(1+η) = z1+η . If η = 0, then ag2 = a−1z and so
〈a,g2〉 is semidihedral of order 16, contrary to our assumption that G has exactly three
involutions. Thus, η = 1, w0 = 1, ag2 = a−1, g2 acts invertingly on C and ag = a1+4
u3
with 
 = 0,1. For each c ∈ C, we compute
(
g2c
)2 = g4cg2c = zc−1c = z,
and so all elements in g2C are of order 4.
Suppose that 
 = 1 so that ag = aa4u−1 = azu−1 = a(zu)−1. Set u′ = zu so that u =
zu′ and ag = a(u′)−1. We see that all the previous relations remain unchanged if we replace
u with u′. Indeed,
yg = (a2)g = a2(u′)2 = y(u′)2, (u′)g = (zu)g = zu−1y = (u′)−1y,
( ) ( )
u′ t = (zu)t = zu−1y = u′ −1y.
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so we get ag = au−1. Since t2 = a and [a,g] = u−1, we get C = 〈a,u〉  Φ(G) and so
Φ(G) = 〈g2,C〉, d(G) = 2 and G = 〈g, t〉. We also get agt = (au−1)t = auy−1 = a−1u,
ugt = u.
We compute for each arus ∈ C,
arus = (arus)gt = a−rurus if and only if a2r = ur, yr = ur, r ≡ 0 (mod 4)
and so CC(gt) = 〈z,u〉 = CW(gt) which forces (gt)2 = w1 ∈ 〈z,u〉.
For each apuq ∈ C, we compute
(
(gt)
(
apuq
))2 = (gt)2(apuq)gtapuq = w1a−pupuqapuq = w1up+2q,
and so we must have w1up+2q = 1 for all p,q ∈ Z. This forces w1 = zui and so (gt)2 =
zui with i = 0,1,2,3. The structure of G is determined and we have obtained the groups
(α) of our theorem.
Cases (b) and (c) (where C = CG(W) is abelian or minimal non-abelian with n  3).
Since 〈t2〉 > 〈y〉 > 〈z〉 = Z(G), t2 ∈ C, and C′  〈z〉, we have 2(C) C′ and so C is a
powerful 2-group. Obviously, C is D8-free and Q8-free since C is “ordinary metacyclic”
[8, Proposition 4.3.0]. In particular, C is modular.
By [8, Proposition 4.1.9], 1(C) = 〈a2, b2〉 Z(C) and W = 〈u,y〉 = Ω2(C). By [8,
Proposition 4.1.7], for each x ∈1(C), there is r ∈ C with x = r2. If r ∈1(C), then there
is s ∈ C so that s2 = r and so x = s4 and so on. Hence for each c ∈ C, there is a generator
l ∈ C −1(C) such that 〈c〉 〈l〉. Obviously, all the above results could be also obtained
directly (without quoting the results about powerful 2-groups) from the structure of C.
It is possible to prove the crucial result that t2 ∈ C−1(C) is a generator of C. Suppose
false. Then there is s ∈ C with s2 = t2. If 〈t〉 normalizes 〈s〉, then 〈t, s〉 has two distinct
cyclic subgroups 〈t〉 and 〈s〉 of index 2, where 2l = o(t) = o(s), l  4. Thus 〈t, s〉 is non-
cyclic and so 〈t, s〉 is either abelian of type (2l ,2) or 〈t, s〉 ∼= M2l+1 . In any case, there
is an involution in 〈t, s〉 − 〈s〉, where 〈t, s〉 ∩ C = 〈s〉, a contradiction. Hence t does not
normalize 〈s〉 = S, where |S| = 2l , l  4, and |S : 〈t2〉| = 2. Set S0 = St = 〈st 〉, where
S0  C, S0  〈t2〉, |S0 : 〈t2〉| = 2 since t normalizes (centralizes) 〈t2〉. Since S is normal
in C (noting that S  〈z〉 and C′  〈z〉), T = SS0 is of order 2l+1 and (st )t = st2 = s
implies that t normalizes T and therefore |〈T , t〉| = 2l+2 with 〈T , t〉 ∩ C = T . Also, S
and S0 are two distinct cyclic subgroups of index 2 in T and so T is not cyclic. We have
o(t2) 8 and 〈t2〉 Z(T ) so that T cannot be generalized quaternion. Hence T has more
than one involution and so T Ω1(C) = W0. But W0 ∈ Z(C) and W0 ∩ S = 〈z〉 so that
T = 〈s〉 × 〈u2〉 is abelian of type (2l ,2).
Since o(st ) = o(s) = 2l , we may set st = st2iu2 for some integer i. We compute
2 ( )
s = st = st2iu2 t = st2iu2t2iu2z,
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may set i = 2l−3i′. On the other hand, z = t4i = t2l−1i′ = zi′ and so i′ is odd. We get
[s, t] = t2iu2 = t2l−2i′u2 = yju2,
where j = ±1. In particular, [s, t] is of order 4.
Since t acts non-trivially on T/〈t2〉 ∼= E4, we have 〈t, s〉/〈t2〉 ∼= D8, where 〈t, s〉 =
〈T , t〉. Let A/〈t2〉 be the cyclic subgroup of index 2 in 〈t, s〉/〈t2〉 so that A is abelian since
〈t2〉 Z(〈t, s〉). But then 〈t, s〉 possesses two distinct abelian maximal subgroups T and A.
By a well-known result of A. Mann (Proposition 1.10), (〈t, s〉)′ is of order 2, contrary to
the above result that o([s, t]) = 4. We have proved that t2 ∈ C −1(C).
Let x ∈ C − 1(C). Since x is a generator of C, there is v ∈ C − 1(C) so that
〈x, v〉 = C. Since C is modular, we have 〈x〉〈v〉 = C and so |C| = (o(x)o(v)) : (|〈x〉 ∩
〈v〉|). If |C| = 22n, then exp(C) = 2n and in that case o(x) = o(v) = 2n and 〈x〉∩ 〈v〉 = {1}
so that 〈x〉 has a complement in C. If |C| = 22n+1, then exp(C) = 2n+1 and in that case
o(x) = 2n or o(x) = 2n+1.
Case (b) (where |C| = 22n, exp(C) = 2n, n  3). As a surprise, we shall show that this
case cannot occur at all! Set 〈t2〉 = 〈a〉 so that o(a) = 2n since we have proved that t2 ∈
C −1(C). We choose the generator a of 〈a〉 so that a2n−2 = y, where y2 = z with 〈z〉 =
Z(G). We have t2 = aa2i (i ∈ Z) and replacing t with t ′ = ta−i we get (t ′)2 = t2a−2i =
aa2ia−2i = a. Note that t ′ operates the same way on W as t does (since W  Z(C)) and
so writing again t instead of t ′, we may assume from the start that t2 = a.
Let 〈b〉 be a cyclic subgroup of order 2n of C which contains 〈u〉 so that 〈a〉 ∩ 〈b〉 = {1}
and we may choose the generator b of 〈b〉 so that b2n−2 = u. Hence |〈a, b〉| = o(a)o(b) =
22n so that 〈a, b〉 = C. If C is non-abelian, then |C′| = 2 and so C′  Z(G) which implies
C′ = 〈z〉. Hence, we have in any case, ab = az
 , where 
 = 0,1.
We consider first the special case n = 3 , 
 = 1 so that o(a) = o(b) = 8 and ab = az.
Set bt = ambn (for some m,n ∈ Z) and so
ut = u−1y = (b2)t = (ambn)2 = a2mb2n[b, a]mn = ymunzmn = ymuny2mn = unym(1+2n),
which gives n ≡ −1 (mod 4), m(1 + 2n) ≡ 1 (mod 4), m ≡ −1 (mod 4). We may set
m = −1 + 4m′, n = −1 + 4n′ so that
bt = a−1zm′b−1u2n′ = a−1b−1w1, with w1 ∈ W0.
However,
bt
2 = ba = bz = (a−1b−1w1
)t = a−1w−11 bawt1 = a−1abzw−11 wt1 = bzw−11 wt1,
and so wt1 = w1, which gives w1 = zξ , ξ = 0,1. We get(tb)2 = t2btb = aa−1b−1zξ b = zξ ,
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involutions, a contradiction.
We have proved that the case n = 3, 
 = 1 cannot happen. In general, we set again
bt = ambn (for some m,n ∈ Z) and so:
ut = u−1y = (b2n−2)t = (ambn)2n−2 = (a2n−2)m(b2n−2)n = unym,
since either n > 3 or n = 3, 
 = 0. This gives n ≡ −1 (mod 4), m ≡ 1 (mod 4) and so
setting m = 1 + 4m′, n = −1 + 4n′, we get bt = (ab−1)a4m′b4n′ .
We compute:
bt
2 = ba = bz
 = (a1+4m′b−1+4n′)t = a1+4m′(a1+4m′b−1+4n′)−1+4n′
= a1+4m′b1−4n′a−1−4m′a4n′+16m′n′b−4n′+16(n′)2 = a4n′(1+4m′)bz
b8n′(−1+2n′),
and so a4n′(1+4m′)b8n′(−1+2n′) = 1, which implies n′ ≡ 0 (mod 2n−2) and bt = a1+4m′b−1.
Now, we get:
atb = ab = az
 = aa2n−1
 = a1+2n−1

and so tb normalizes 〈a〉 and
(tb)2 = t2btb = aa1+4m′b−1b = a2(1+2m′)
is of order 2n−1. Set R = 〈a, tb〉 so that 〈a〉 and 〈tb〉 are two distinct cyclic maximal
subgroups (of order 2n, n  3) of R. It follows that R is either abelian of type (2n,2) or
R ∼= M2n+1 . In any case, there are involutions in R − 〈a〉 = R − C, a contradiction. We
have proved that the case (b) cannot occur.
Case (c) (where |C| = 22n+1, exp(C) = 2n+1, n 3). We know that t2 ∈ C −1(C) is a
generator of C and since
〈
t2
〉
> 〈y〉 > 〈z〉 = Z(G),
we may set 〈a〉 = 〈t2〉 so that 〈a〉 is normal in C (since C′  〈z〉). Let d ∈ C be another
generator for C so that 〈a, d〉 = C. By [8, Proposition 4.1.9], n(C) = 〈a2n , d2n〉 and by
the structure of C (in case (3)), |n(C)| = 2. If a is of order 2n, thenn(C) = 〈d2n〉 ∼= C2 is
normal in G with o(d) = 2n+1 and 〈a〉∩ 〈d〉 = {1} (since |C| = 22n+1), contrary to the fact
that Z(G) = 〈z〉 〈a〉. Hence a is of order 2n+1 and we may choose a generator a of 〈a〉 so
that a2n−1 = y. We have t2 = aa2i (for some i ∈ Z) and replacing t with t ′ = ta−i , we get
(t ′)2 = t2a−2i = aa2i−2i = a. Note that t ′ acts the same way on W = Ω2(C) = 〈u,y〉 as t
does since W  Z(C) and so we may assume from the start that t2 = a, where o(t) = 2n+2,
n 3.
Let 〈b〉 be a cyclic subgroup of C containing 〈u〉 such that b ∈ C−1(C). We know that
o(b) = 2n or o(b) = 2n+1. But 〈a〉 ∩ 〈b〉 = {1} since 〈y〉 = Ω2(〈a〉) and 〈u〉 = Ω2(〈b〉) and
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22n+1 and 〈a, b〉 = C with ab = az
 . We may choose a generator b of 〈b〉 so that b2n−2 = u.
We recall (from (∗)) that ug = u−1y, yg = yu2, g2 acts invertingly on W , ut = u−1y,
at = a (since t2 = a), and g4 = z. We have S = Ωn(C) = 〈a2, b〉 is abelian (of type
(2n,2n)) g2-invariant maximal subgroup of C and g2 induces an involutory automorphism
on S. Since CS(g2) = CW(g2) = W0, g2 inverts each element in 1(S) = 〈a4, b2〉 (Propo-
sition 1.6). This fact will be used often in the sequel.
It is now easy to determine the action of t on C by lifting up the action of t on W . We
set bt = a2ibj (i, j ∈ Z) since bt ∈ S and compute (noting that a2i ∈ Z(C)):
u−1y = ut = (b2n−2)t = (a2ibj )2n−2 = a2n−1ib2n−2j = yiuj ,
which implies i ≡ 1 (mod 4), j ≡ −1 (mod 4) so that we may set i = 1 + 4i′, j =
−1 + 4j ′, and bt = a2a8i′b−1b4j ′ . Since t2 = a, we get:
bt
2 = ba = bz
 = (a2a8i′b−1b4j ′)t = a2a8i′a−2a−8i′bb−4j ′a8j ′a32i′j ′b−4j ′b16(j ′)2
= a8j ′(1+4i′)b1−8j ′(1−2j ′),
and so j ′ ≡ 0 (mod 2n−3). We may set j ′ = 2n−3j ′′ and so z
 = a2nj ′′(1+4i′) = zj ′′ and
j ′′ ≡ 
 (mod 2). We obtain
bt = a2(1+4i′)b−1b2n−1j ′′ = a2(1+4i′)b−1u2
 .
We consider new elements t ′ = a2i′ t and a′ = a1+4i′ and see that 〈a′, b〉 = C, a′ is of
order 2n+1,
(
a′
)2n−1 = a(1+4i′)2n−1 = a2n−1a2n+1i′ = a2n−1 = y, (a′)b = a′z
,
(
t ′
)2 = a4i′ t2 = a1+4i′ = a′,
and, finally,
bt
′ = ba2i′ t = bt = (a′)2b−1u2
 .
Hence, writing again a and t instead of a′ and t ′, respectively, we get bt = a2b−1u2
 .
We check that all elements taibj ∈ tC are of order 2n+2:
(
taibj
)2 = t2(aibj )t aibj = aaia2j b−j u2j
aibj = a1+2i+2j u2j
zij
,
and so Ω2(〈t,C〉) = Ω2(C) = W , which implies that 〈t,C〉 is a non-normal metacyclic
subgroup of index 4 in G.
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)It is very difficult to lift up the action of g from the action on W to the action on C. We
set ag = ambn, bg = a2pbq for some integers m,n,p,q , where we have used the fact that
b ∈ Ωn(C) = 〈a2, b〉. We get (since n 3):
yg = yu2 = (a2n−1)g = (ambn)2n−1 = (a2n−1)m(b2n−1)n = ymu2n,
so that m ≡ 1 (mod 4), n ≡ 1 (mod 2). Further (since a2 ∈ Z(C)):
ug = u−1y = (b2n−2)g = (a2pbq)2n−2 = ypuq,
so that p ≡ 1 (mod 4), q ≡ −1 (mod 4). Therefore we may set:
m = 1 + 4α, n = 1 + 2β, p = 1 + 4γ, q = −1 + 4δ, α,β, γ, δ ∈ Z,
and obtain:
ag = a1+4αb1+2β, bg = a2(1+4γ )b−1+4δ.
We set b′ = a4αb1+2β so that we get a simple relation ag = ab′, where o(b′) = 2n,
〈a, b′〉 = C, (b′)2n−2 = zαuu2β = zαu±1 = u′, (u′)2 = u2, (b′)2n−1 = u2,
(
b′
)g = (a4αb1+2β)g = (ab′)4α(a2(1+4γ )b−1+4δ)1+2β
= a4α(b′)4αa2(1+2β)(1+4γ )b(1+2β)(−1+4δ)
= a4α(−1+4δ)a4α(1−4δ)a4α(b′)4αa2(1+2β)(1+4γ )b(1+2β)(−1+4δ)
= (b′)−1+4δ(b′)4αa2(2α+(1+2β)(1+4γ )+2α(1−4δ)) = (b′)−1+4ζ a2ξ ,
where ζ, ξ ∈ Z and ξ is odd,
(
b′
)t = (a4αb1+2β)t = a4α(a2b−1u2
)1+2β = a4αa2(1+2β)b−(1+2β)u2

= a8αa2(1+2β)(a−4αb−(1+2β))u2
 = (b′)−1a2(1+2β+4α)u2
 = (b′)−1a2θu2
,
where θ is an odd integer. We write again b instead of b′ and also write ζ = i, ξ = 1 + 2j ,
θ = 1 + 2k (with i, j, k ∈ Z) so that we obtain the important relations:
o(b) = 2n, b2n−1 = u2, (b)2n−2 = zαu±1, t2 = a, g4 = z, a2n−1 = y,
y2 = z, ag = ab, bg = b−1+4ia2+4j , bt = b−1a2+4ku2
, (1
where α, 
 = 0,1 and i, j, k ∈ Z.
The fact that g4 = z gives us more information about the action of g on C. Indeed,
2
ag = (ab)g = abb−1+4ia2+4j = a1+2+4j b4i = a−1+4+4j b4i = a−1+4(1+j)b4i ,
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a = ag4 = (a−1+4(1+j)b4i)g2 = (ag2)−1a−4(1+j)b−4i
= a1−4(1+j)b−4ia−4(1+j)b−4i = a1−8(1+j)b−8i ,
which gives 1 + j ≡ 0 (mod 2n−2) and i ≡ 0 (mod 2n−3), and so we may set i = 2n−3i′,
j = −1 + 2n−2j ′, which gives us a simple expression for bg :
bg = b−1b2n−1i′a2−4+2nj ′ = b−1u2i′a−2zj ′ = b−1a−2w0,
where w0 = u2i′zj ′ ∈ W0. We have obtained:
bg = b−1a−2w0, with w0 ∈ W0 =
〈
a2
n = z, b2n−1 = u2〉. (2)
From (1) and (2) we get the action of g2 on C:
ag
2 = (ab)g = abb−1a−2w0 = a−1w0,
bg
2 = (b−1a−2w0
)g = ba2w0a−2b−2z
wg0 = b−1z
w0wg0 ,
and the fact that there are no involutions in g2C gives us some information about w0:
(
g2a
)2 = g4ag2a = za−1w0a = zw0 and so w0 = z,
(
g2b
)2 = g4bg2b = zb−1z
w0wg0b = zz
w0wg0 = 1.
This gives us the following informations about w0 ∈ W0.
If 
 = 0, then C is abelian, w0 = 1 and g2 inverts each element in C. (3)
If 
 = 1, then C is minimal non-abelian, w0 ∈ W0 − 〈z〉 and so we may set
w0 = u2zη, η = 0,1. (4)
Using the above results, it is easy to check that each element g2c (c = aibj ∈ C) is of
order 4. Indeed, if 
 = 0, then
(
g2c
)2 = g4cg2c = zc−1c = z
and if 
 = 1, then (noting that aibj = bjaizij and w0 = u2zη , wg0 = u2zη+1)
(
g2aibj
)2 = g4(ag2)i(bg2)j aibj = za−iwi0b−j zjwj0
(
w
g
0
)j
aibj = z1+i(j+η)u2i ,and so if i is even, then (g2aibj )2 = z and if i is odd, then (g2aibj )2 = z1+i(j+η)u2 = 1.
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require that there are no involutions in (tg)C and note that (tg)2 ∈ CC(tg). Using (1) and
(2), we obtain the action of tg on C:
atg = ag = ab,
btg = (b−1a2+4ku2
)g = a2bw0(ab)2+4ku2
z

= a2bw0a2+4kb2+4kz
u2
z
 = a4(1+k)b−1+4(1+k)w0u2
 .
All elements in C − S (where S = Ωn(C) = 〈a2, b〉) are of order 2n+1 and suppose that an
element as (s ∈ S) is centralized by tg. Then (as)2n−1 = a2n−1s2n−1 = yx0 with x0 ∈ W0
is also centralized by tg. But tg centralizes W0 and so ytg = y, contrary to the relations
in (∗) which give ytg = yu2. Thus, CC(tg)  〈a2, b〉 and so (tg)2 ∈ 〈a2, b〉 which is an
abelian group and therefore b(tg)2 = b.
This gives
b = b(tg)2 = (a4(1+k)b−1+4(1+k)w0u2

)tg
= (ab)4(1+k)(a4(1+k)b−1+4(1+k)w0u2

)−1+4(1+k)
w0u
2

= a4(1+k)b4(1+k)a−4(1+k)b1−4(1+k)w0u2
a16(1+k)2b−4(1+k)+16(1+k)2w0u2

= a16(1+k)2b1+4(1+k)(−1+4(1+k)),
and so 1 + k ≡ 0 (mod 2n−2) and we may set 1 + k = 2n−2k′ for some k′ ∈ Z. Hence,
from the above and using (1), we get
btg = a2nk′b−1b2nk′w0u2
 = b−1w0zk′u2
,
bt = b−1a2+4ku2
 = b−1a−2a4(1+k)u2
 = b−1a−2zk′u2
,
and so
atg = ab, btg = b−1w0zk′u2
, bt = b−1a−2zk′u2
,
(tg)2 ∈ 〈a2, b〉, k′ = 0,1. (5)
Assume at the moment that 
 = 0. Then (3) implies that C = 〈a, b〉 is abelian, w0 = 1,
and g2 inverts each element in C. Since (tg)2 ∈ C, we get from (5):
a = a(tg)2 = (ab)tg = ab · b−1zk′ = azk′
and so k′ = 0. We obtain from (5), btg = b−1, bt = b−1a−2 and compute (using (1)):
( ) ( ) n−1 n n−1
a2b
tg = (ab)2b−1 = a2b, a2b 2 = a2 b2 = zu2,
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CC(tg) = W0
〈
a2b
〉 = 〈z〉 × 〈a2b〉
and (tg)2 = zr (a2b)s with r = 0,1 and some s ∈ Z. For each aibj ∈ C, we compute
(
(tg)aibj
)2 = (tg)2(atg)i(btg)j aibj = (tg)2a2ibi = zr(a2b)sa2ibi
= a2(i+s+r2n−1)bi+s = x.
We see that x = 1 if and only if i ≡ −s (mod 2n) and r = 0. Hence we must have r = 1
and so (tg)2 = z(a2b)s , s ∈ Z, in which case no element in (tg)C is an involution. Also,
from (2) we get bg = b−1a−2. We have obtained the groups stated in parts (β) and (β1) of
our theorem.
In what follows, we always assume that 
 = 1. Then (4) implies that C = 〈a, b〉 is
minimal non-abelian, ab = az
 , and w0 = u2zη with η = 0,1. Note that (1), (2), and (5)
imply
u2 = b2n−1 , bg = b−1a−2zηu2, atg = ab, btg = b−1zk′+η,
bt = b−1a−2zk′u2, k′, η = 0,1.
We compute CC(tg) 〈a2, b〉 (noting that (ab)2i = (a)2i (b)2izi )
a2ibj = (a2ibj )tg = (ab)2ib−j z(k′+η)j = (a)2i (b)2izib−j z(k′+η)j = a2ib2i−j zi+(k′+η)j ,
and so a2ibj ∈ CC(tg) if and only if b2(i−j)zi+(k′+η)j = 1 and this is satisfied if and only if
i − j ≡ 0 (mod 2n−1) and i + (k′ + η)j ≡ 0 (mod 2). We may set j = i + 2n−1α (α ∈ Z),
and then
a2ibj = a2ibi+2n−1α = a2ibiu2α, and i(1 + k′ + η) ≡ 0 (mod 2).
Since u2α ∈ W0  CC(tg), we get
CC(tg) =
{
W0,
(
a2b
)i
, where i
(
1 + k′ + η) ≡ 0 (mod 2)}.
It follows that we have exactly two possibilities for the structure of CC(tg) (noting that
(a2b)2
n−1 = zu2):
(i) If 1 + k′ + η ≡ 0 (mod 2), then CC(tg) = 〈z〉 × 〈a2b〉;
(ii) If 1 + k′ + η ≡ 1 (mod 2), then CC(tg) = 〈z〉 × 〈a4b2〉.Suppose that (i) holds. In that case we get k′ ≡ 1 + η (mod 2) and so
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(tg)2 = zr(a2b)s with r = 0,1 and s ∈ Z.
If s is even, then
a(tg)
2 = azr (a2b)s = a = (ab)tg = ab · b−1z = az,
a contradiction. Hence s must be odd and we show that if s ≡ 1 (mod 4), then r = 1 and
if s ≡ −1 (mod 4), then r = 0. Indeed, we require that ((tg)aibj )2 = 1 for all i, j ∈ Z.
Suppose that for some i, j , ((tg)aibj )2 = 1. Then
1 = ((tg)aibj )2 = (tg)2(atg)i(btg)j aibj = zra2sbs(ab)ib−j zj aibj ,
which gives at once
bi+s = 1 and so i + s ≡ 0 (mod 2n), n 3. (∗∗)
If s ≡ 1 (mod 4), then (∗∗) gives i ≡ −1 (mod 4) and i = −1 + 4i′, so that
(ab)i = (ab)−1+4i′ = b−1a−1a4i′b4i′ = b−1+4i′a−1+4i′ = biai
and (noting that zij = zj since i is odd)
1 = zra2sbsbiaib−j zj bj aizij = zr
and so r = 0. Thus, ((tg)aibj )2 = 1 for all i, j ∈ Z if and only if r = 1. If s ≡ −1 (mod 4),
then (∗∗) gives i ≡ 1 (mod 4) and i = 1 + 4i′, so that
(ab)i = (ab)1+4i′ = aba4i′b4i′ = a1+4i′b1+4i′ = aibi
and (noting again that zij = zj )
1 = zra2sbsaibib−j zj bj aizij = zr+1
and so r = 1. Thus, ((tg)aibj )2 = 1 for all i, j ∈ Z if and only if r = 0. We have obtained
the groups stated in parts (β), (β2), and (β21) of our theorem.
Suppose that (ii) holds. In that case we get k′ ≡ η (mod 2) and so
btg = b−1, bt = b−1a−2zηb2n−1, and
(tg)2 = zr(a4b2)s with r = 0,1 and s ∈ Z.
We show that if s is odd, then r = 0 and if s is even, then r = 1. Indeed, we require that
((tg)aibj )2 = 1 for all i, j ∈ Z. Suppose that for some i, j , ((tg)aibj )2 = 1. Then
( ) ( ) ( )
1 = (tg)aibj 2 = (tg)2 atg i btg j aibj = zra4sb2s(ab)ib−j aibj ,
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i = 2i′ must be even and
(ab)i = (ab)2i′ = ((ab)2)i′ = ((a2b2z))i′ = (a)2i′(b)2i′zi′ = aibizi′ ,
which together with ai ∈ Z(C) gives
1 = zra4sb2saibizi′b−j bj ai = zra4s+2izi′b2s+i = zr+i′
and r + i′ ≡ 0 (mod 2). Since i + 2s ≡ 0 (mod 2n), we get 2i′ + 2s ≡ 0 (mod 2n) and so
i′ + s ≡ 0 (mod 2n−1). Since ((tg)aibj )2 must be = 1 for all i, j ∈ Z, from the above we
get that if s is odd, then i′ is odd and so r = 0 and if s is even, then i′ is even and so we
must have r = 1. We have obtained the groups stated in parts (β), (β2), and (β22) of our
theorem which is now completely proved. 
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